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Abstract: Pricing a discretely monitored arithmetic Asian option leads to a high-dimensional integration
problem in which the finite-sample performance of randomized quasi-Monte Carlo (RQMC) may depend on
how Brownian paths are constructed and assigned to input coordinates. Using the same randomized Sobol
inputs, contract parameters, and nominal path counts across methods, we conduct paired comparisons of
direct increments, Brownian bridge, and principal component analysis under both plain RQMC and RQMC
with a geometric control variate. Using 100 independent randomizations, we jointly examine linear vari-
ance concentration in the path mapping, grid-based bracketing estimates of the payoff truncation effective
dimension, and paired error intervals, while propagating uncertainty in the high-budget numerical reference
through the bootstrap. Within the evaluated grid, Brownian bridge and PCA reduce the finite-sample RMSE
of plain RQMC. Relative to direct increments, both constructions exhibit stronger concentration in the lead-
ing coordinates under the path-level and payoff-level diagnostics. The gains persist after introducing the
geometric control variate, although their relative magnitude is generally smaller. No ranking reversal is ob-
served between RMSE and the RMSE? x mean-runtime efficiency measure across the 24 comparison cells
under the adopted online-runtime protocol. These findings are specific to the stated GBM model, parameter
grid, implementation, and computing environment and do not establish general theoretical superiority of
any path construction.

Keywords: randomized quasi-Monte Carlo; arithmetic Asian option; Brownian path construction; effective
dimension; control variate
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RV AT BB R RACHINGET IR Z G, T UEE 2 W R S50 3 [F]
HI B

11



SEASE B AR RQMC JE A Hp [ B A2 4 1t

=
=]
L

m =12

s »;‘;:“:.ﬁ:a‘-"—'thw

m =52

m = 252

1 .;ml—-—-l-—-l»--—l——l——/:—/—-'-,—-l

AR
] A",F

Cumulative path linear variance
o I o o
N S o o

o
o
L

1 .,-"::-—i-'n-‘.'----l---l—-—:;'?.—

L L
| TN

T
2

% 2

T T T T
4 6 8 10
Leading coordinates

T T T T T T
12 0 10 20 30 40
Leading coordinates

T T
50 0

T T T T T
50 100 150 200 250
Leading coordinates

PR AR IE 1 R TT ER R 6P 22 / Cumulative path-level linear variance
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VE: FEROR R SR TSN B s A5 DR B A BT 2R R 4 12 Bootstrap [XA], AV TiZ %
Hod R o R EAF X ]
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SEASE B AR RQMC JE A Hp [ B A2 4 1t

m=12: D={1,2,4,8,10,11,12},
B={1,2,4,6,7,8,12}, P ={1,2,4,8,12};
m="52: D=1{1,2,4,8,16,32,42,43,44,47,52},
B={1,2,4,6,7,8,16,32,52}, P ={1,2,4,8,16,32,52};
m=252: D =1{1,2,4,8,16,32,64,128,192, 200,204, 205, 206, 208, 224, 240, 248, 252},
B ={1,2,4,6,7,8,16,32, 64,128,192, 224, 240, 248, 252},
P ={1,2,4,8,16,32, 64,128,192, 224, 240, 248, 252}

£ m = 252 I, BELEEI B AL 90% A1 99% BME R At AN 129—192 Al 201—
208; AiHAME ;0N 2 A1 7—8; PCA 73704 1 A1 2. A BAMRAE i I DA 3 2 kR 4
2R R B, PCA HBL S I, B AR R AME S L

R HER R . PRGN eI S fE iR EE R EI— B0 1, AR KR
FHIEAA T8 MR U AT 1R 22, TEANRE tHEHEWT AR AN T B A 243

53 4 RQMC EMiRE

12124 (m, N) 5, A BAMFFD PCA MG BB S M3 1) 24 T4l RQMC [t
BL)3 /2 RMSE BEANSE J7 158 22 22 [ WUCE X () A4

i BAMF A RMSE EETE N 0.1032—0.3606, BIUAH X B 16 5 438 T B4 63.94%—
89.68%; PCA HIVE[H A 0.0203—0.1562, Bl F[% 84.38%—97.97%.

RQMC, m = 12 RQMC, m = 52 RQMC, m = 252

1071 4
—@- Direct

- Brownian bridge
-A- PCA

1072 4{ W ERLTS
S~
A, S=o
w %
2 . N\N\l
= 1073 4 A =i
: Tm
‘A,
1074 4 A
T T T T T T T T T T T T T
Nominal paths N Nominal paths N Nominal paths N

RQMC+CV, m = 12 RQMC+CV, m = 52 RQMC+CV, m = 252
1071 4 q .

102 4

RMSE

1073 4 A

1074 4

T T T T T T T T T T T T T T T T T T T T T
2]0 21] 212 213 214 215 216 210 211 2]1 213 214 2]5 215 2]0 211 212 2]3 214 215 2]6
Nominal paths N Nominal paths N Nominal paths N

3 PG TES N =R R 42 % ) RMSE / RMSE by estimator and path construction

B3 LA THas A IS s A REAR R R TR A IREAZR L, RIS
GINE RSt b e (T
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PDILER N = 2 ], AFEAMFEE m = 12,52,252 () RMSE L3514 0.2275.
0.1273 A1 0.1291; PCA 4354 0.0664. 0.0525 F1 0.0302. = Ffr W 155 T % i ik 1)
RMSE LLIX 8] ST 1, PRz Z X A L FMET 0.

H1 MEEEGREE m = 52,252 1 8 MM IG, Shr 8/8 i 2 XA H 214 H2
(1) PCA PEREF 73t 8/8, H WA S 4E I R A2 90% 5 99% HIE#FH- T H %
WEMIGE. B HI A H2 B0 NS RN S R . fEARCE RSN+, PCA
(1) RMSE RILEARAL T B TSR vk HER il — & e HEF, ARSI
— 7 PRI LS A — e i

54 RQMC 5JLfizHlEEK &5 R

TN U EHIAR R G, 75 124 (m, N) 3510 24 Tk i g b, Am BRI
PCA AN B4 1 AL 3 AT 2036 a2 XOUEE X [B) 2% AF AELAEN T e B2 /1N T4 RQMC . A7i BA
Hri) RMSE LN 0.2696—0.6175, KF BT [ 38.25%—73.04%; PCA 24 0.1014—0.3871,
Xt BT B 61.29%—89.86%.

N = 2Y I, fAEAMAE m = 12,52, 252 1) RMSE L5 5128 0.6155. 0.4036 Al
0.3179; PCA 437175 0.2559. 0.1494 F1 0.1460.

TN T UART 425 1) A8 B8 I 1 30 el =X 5 W WSt 2 S (RIS 2 AR A R A e — B0, RLAHIE
FBA N B RS PE REEARA . Bl FEARMTHEH R BRI 3R
T T F AR 22 G5 AR AR BRASE A i Sh #mT Re sE i IS 2 (MR FE . I 45 SR A
JE LU SR IT VR Z IAFAE S8 A B ARG R, AN & LR | 3R S A = ) R LA

55 BEMESEHTENKERI

H4 P32 GtiH R E XN log(pev) — log(prome)s IEHRZNINA CV Ja AR E#Z%1H
BHE R EAAMAIESGER N 78 8 AN i, A BNFR PCA % H I 8 N
X 8] N A T 0, B H T AL 8 0.7973 F11.0319.

[FF, RQMCHCV H A B h i A ide 1) 0 8/8 XOUE X B 3 HF, 78 o A
MEL PIASTRGEAE RS0 2, HA HIN SRR

5.6 MR TRIENKETL

FETRBEY 32 Vs WM B LA, [ 255 T 27 Tl b Bootstrap [X [H]R#5 0, f%
TS B PRIV oA S W EEAE 2 A s i B T 2 (RS R i 2
Z 5. IS BOERIAIE M, H3 FERSHTEHY 8 X KR 2
PR R, ASE R T HRE SR RE

XX TR AT 2 AR R, 32 T LB AN A BN SRS e A s DRI A
REPE LS L E R BB MELEE, BANRIRAT N S PCA ZAIAFAE [ E HER
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5.7 RMSE 5&% %

BEAZ ) BRI R A VB B A R I A T HES o 4l RQMC H, A BAMF
AET B4 A i 1 RMSE? x P18 /TH Bl Eb M 0.0118—0.1331, PCA 4 0.000412—
0.0240; RQMC+CV AN Ju Y 0.0768—0.4001 F1 0.0103—0.1481, HET 1.

RQMC: RMSE ratio RQMC: RMSE2 x mean-runtime ratio

1.0 1.0

0.8 0.8
a J a 4
n 0-6 o 0.6 Construction
g z @ Brownian bridge
o 9 PCA
S 041 5041 ft
Z ;|', ! Z

0.2 1 ; i i i i 0.2 i

i " i R o ¥ i‘ i g " . i & a
004 i, I x a 001 A & A A & "a EH, m, m, W, m, m
: T T T T T T T T T T T T T T T T T T T T T T T
RQMC+CV: RMSE ratio RQMC+CV: RMSE2 x mean-runtime ratio

1.0 1.0

0.8 0.8
o a 4
0 0.6 + 0 06
3 3
2 2
¢ + ¢

0.4
2 0.4 { + + 2
s s
: ERRREE
b g L t
0.2 4
i I i i i [ C I ' P
i i A i i A
0.0 4 A A
T T T T T T
Moo S w% é‘ 4 Q e ,{;;" @" o? 4 Moo S S w% o;" a" @'V e ,f;‘ 03‘ é‘ ‘o"’
&’L&W@’L@W@’L@’L&w@w& &// é‘ 6‘ @W@W@’L@’L@’L&’L&’L@’L& &//

Points and bars are marginal 95% paired-bootstrap intervals; the horizontal line is Direct = 1.

El4 MXEEYEMIER) RMSE S5 BAE BRI L / RMSE and joint-efficiency ratios relative to

direct increments

EI4) 5143 5] 4k & RMSE HE Al RMSE?*x “F#Jig 47 i a e, 171X 4> RQMC 5
RQMCH+CV;  mi AR 72 2535 N BRBL Xt Bootstrap X ], 7K-F-4k 1 IEETﬁi s 2
o THI B 5 B 4L 52 Sobol A2 BRI IE A 8] DA K AR 2R B4 . UGS St THT 5,
{HRAL A — Y Bridge/PCA Filit 5. 1/O BRHEFEJE B, 13 4% A5 43R Y,
I LSO A TR . R A SEI RIS L R AEZe T I 1142

241 (estimator,m,N) FLIGH RMSE fFfF A 22 HE 7 52 2 AH A, 3358 PCA.
MEANE . B ENE, HF4REZHRHITHN 0.

PRI HS RAGFBISCHF o XARIR ZFIGE A A A, R R IRERE 1847 I /] 4%
AHLLIANE MG N, AR 22 7 A KB .

5.8 FRBEERLCE
RIS b€ B ADERRHEIC B 45 R . [BE S MLk S5 4 AR A E ;s fE
24 M EIARMEE B RMSE Hi P SRR HFP I e, IR HS RAGBI5CH
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ARS8 AL RQMC 58 A o (1 B8 A2 44 it

R3O HESBH

Panel A: N = 2" FIAN EEEEMENIZ DS

m a5 Hi& RMSE Lt [95% 121 B fic 5 [X [ KB ROR L [95% A BREL X X 8]
12 RQMC W 0.2275 [0.1892, 0.2693] 0.0551 [0.0381, 0.0770]
12 RQMC PCA 0.0664 [0.0520, 0.0833] 0.0044 [0.0027, 0.0069]
12 RQMC+CV  Fili#f  0.6155[0.5066, 0.7533] 0.4001 [0.2706, 0.5986]
12 RQMC+CV  PCA 0.2559 [0.2075, 0.3147] 0.0647 [0.0425, 0.0980]
52 RQMC A 0.1273 [0.1049, 0.1536] 0.0184 [0.0125, 0.0268]
52 RQMC PCA 0.0525 [0.0320, 0.0803] 0.0027 [0.0010, 0.0064]
52 RQMC+CV il 0.4036[0.3325,0.4812] 0.1809 [0.1227, 0.2570]
52 RQMC+CV  PCA 0.1494 [0.1265, 0.1771] 0.0221 [0.0158, 0.0312]
252 RQMC AW 0.1291 [0.1078, 0.1575] 0.0191 [0.0133, 0.0285]
252 RQMC PCA 0.0302 [0.0241, 0.0378] 0.0009 [0.0006, 0.0014]
252 RQMC+CV  #illif  0.3179[0.2657, 0.3816] 0.1084 [0.0755, 0.1564]
252 RQMC+CV  PCA 0.1460 [0.1245, 0.1702] 0.0213 [0.0155, 0.0288]

Panel B: FUgFIETREZARBDF

ZRFE R

=

fix  FEEER

HI A4l RQMC 4t 8/8 W 2 X CRF 1L4HT m, N M

X 8] 2% A
H2  PCA Mz aT Hrbwdt 8/8 Wl 21 3THr RS AN TS R R
RESEAT

H3 32 M m BB 27 NMABRX AR 0 5T — R TS A E KR AN TE oK R 2K
FHEDT 5 2 284 1 B

H4  PifRiE#isheiss & 8/8, HEIIEME fF SR — B, RN
TR EE

H5 24 Moo 0 Med sk A

e WS HHERSH AR 1824 MAG P EIR W ST RMSE HE7 5808 HEF I S, R HS K7
BISCRE

RAEAHL BRI E X
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6 REMSHZIAF

6.1 BESEZIHEMERE

[ € 2% 516385 1) 144 1T BRI LU I DR AF o B3R 0 M AT IE 23
AL, T BRI M B I 225 BEALAL, JRAER— B N ik i iR = 2 5 ke
6. HI—HS fEPFS BRI T RSS2 — 8, REEHAERA RS H AR
A2

X B 2 1A W O AR 2 BB E , (HAE S 25 0 4% 28 U RS 1
6, WRARERBEBERE. n=2562 750 A FEBARMIE ML AR E; n=12
m=52 %A [F] 55 w5 A 58 AT 2, R AR R 0 A AL B 2 Cad sk BEN LA AN E 1,
AN BEHERR I [F] S B R 15 5 i 22

6.2 SEHEHHR

Fii 5 Bootstrap X [81351 4 24 Wi 3 5 [ BT 95% IX [l A SCyeds MEs ki . e %,
REAS BRI 2310 2 5 LU 1 RIS 8 26 IX 0], B3 4R 5 AL G0 IR i B
il H1—HS R T2 B2 IO IC SOABRESS, AR g5 16 B 5 52 8 X () 3k R ARt o
6.3 IHERELR

T R LA B GEAT AR 38, A 80f SD RAEIB R R e . 4
Tukey =5 PU4H AL BEFNMIARIE 13 ZiBATHS IH)4845, AR, A MMRmaE.

5 B 2

total_runtime = common_input_seconds + online_cell_seconds. (6.1)

A 82T N — IR IL T Sobol AR i st A FHAI IEZS IS [R],  FRAEN AT
LA HILT, NEANTZ—RE; FE I AREMS . GBM Mids. Uas & Ahids
TH% . Bridge 1R PCA 43 1IE Rl T E IS AF, H—IkMVE setup HATIE%
EAHENZIEFR; /O, Python A2 )5 B AN 3K B AT N o BRI 1% bl e B B2l 2
HSEIN T G AE B TR L A%, AR B B, JEAH 512 i e B v 21 iy AR

13 &S XM ARG ISE . A MRS T RERZ I RTINS TH & . I (RG-S 2%

mﬂﬁ%?ﬂ%MWmmwﬂﬁ 12 NMZARAL PR AS . ACRSSEEL. PRI RE AL IAT I
FP 50y Heskng; St K1k BLAS 262, CPU AR HCIRAS, ASREHE bk LU i i
PRI E T AR A
6.4 RAIEMMSIIAF

LA Sobol i 5 IEAHE MR BT MG 72 7 A RO X &R Se B H F Uk

% Bootstrap REF 1 IX PRI SCIRICFEA BTk BEHE. R ITEEEA R
filivh, FERTHLAS TR B AR IR RLE . M . B e dIE AT HEA
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BENER A B TSR

6.5 1RE, SYESMRLF

A RABFERE, EEEh%. TRE GBM B BUE & AT 0 HARF
BB PATORE . BEhAR L B H AR RS AL AR A IS T UM T i, 4%
1R, AEAE R IUAACE: B ikt Kok BEFLBEh R BhER. 28 5 A ER
FAtERARMA ™ o BRIESS RASREMRE N ST 3758 i RniE 28 5 R WU LA B 7 i
FE BRI — AR e .

AN T T U AR AT AT AE RO RMSE £E R 5256 i BT A) S Ak — 3K
RISGSHIESE, (HSCIS BT R BRER L], BBCA T BN R 8. $2 )25 )5 5
PR 5 LR 0 3R Rl e AR A AR — 25, B R . RIRE A I R A i
AT T AR R ZE SRR IRFE AR B 15 2 6 S R

7 i

7532 3L BB MU (AT R b L = R R A BB b . R AR B e
HEIAE T, A7IHER PCA A1 BB BB IAME T RQMC 55 RQMCHCV 114
BRAEA RMSE. B2 7 22 R 2 07 A A M b 1548 22 BBy 1 — B, fHIX
BB R AW, PCA R (45 Pt 325 [ TR 2 4 2048

A TR U P 7 24 B SR TR AR 22 5o N LT A B, e
BN TRAEAE, (BB R U . 16 B e AR TR T, 24 ANMTHIE
I RMSE /7 15 RMSE2x iz 7 i e 10 22 5§, BRI 6 THE T A s 28 10
BB A 19 558

AL EETRE, £ ISR MESRL T, 0 =R 2 SR A5 i 1) 2
BEAE . A7 R AR 22 S S B AR AT T LR, I B A 42028 B B A i I (A
R 5 I 5 BT R R L AN IRV R 5 3 S B 45
BRI BEI . LIRSS IR T A ORI . 2 MR A SRS

A v0.1 BT EEEE:

LA BLAE 5250 0 T B ARG P, 7E BRI RS T e ECE il MC AR &
FBR LA CV. RQMC Al RQMCHCV. & HONAR T IERE RQMC K J LA ¥ il 25 & 52
Bty 5, ANETEEAE H1—HS IERIEYE; 2B RS EBUE TS RIAREESR
DAL H

4 Bootstrap KA [F] 77 248 F AN [5] BEATL Ak 170 5K P JS7 ECR A R AR A1 S G
D368 3 e =2 N T s L TE (R NS B A o PR AN RROAR [ 225 ) )RR HE T S AN TR, AN et
A S PNy APy Sard i A

18



AR IR RQMC 5241 v ) B8 42 K3t

B BMHERAFTLER

d

AT 7 T 286 P 6 OB 92 2 5 18 AN BRME F X R BE E v B AL

Payoff Truncation-Dimension Diagnostic

m=12 m =52 m = 252

W | r I

2 4 6 8 10 2 0 10 20 30 40 50 0 50 100 150 200 250
prefix length Prefix length Prefix length

B1 5S¢ MU as AT S8 PA) 6 A Hi 2%

SEREPCAT Bootstrap X [ A A BME S . 84T R A ME M HREERRER

BB LR, RTEIESCh AR,
RS AT AN

AWEFURITHEACS . AU IESRIR e AR . e M BAIA K R A R

R LB IR, R A BRI
M SR A B

VRS P WAL 5 AR SO SR 50 IR 2 1 5
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